Energy Levels of Quantum Ring in ABA-Stacked Trilayer Graphene by Belouad, Abdelhadi et al.
ar
X
iv
:1
70
6.
06
67
1v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
20
 Ju
n 2
01
7
Energy Levels of Quantum Ring in ABA-Stacked Trilayer Graphene
Abdelhadi Belouad
a, Youness Zahidib, Ahmed Jellal∗a,c, Abdelhadi Bahaouia
aTheoretical Physics Group, Faculty of Sciences, Choua¨ıb Doukkali University,
PO Box 20, 24000 El Jadida, Morocco
bMATIC, FPK, Hassan 1 University, Khouribga, Morocco
cSaudi Center for Theoretical Physics, Dhahran, Saudi Arabia
Abstract
We present the solutions of the energy spectrum of charge carriers confined in quantum ring in
ABA-stacked trilayer graphene subjected to a perpendicular magnetic field. The calculations were
performed in the context of the continuum model by solving the Dirac equation for a zero width
ring geometry, i.e. freezing out the carrier radial motion. We show that the obtained energy spec-
trum exhibits different symmetries with respect to the magnetic field and other parameters. The
application of a potential shift the energy spectrum vertically while the application of a magnetic
field breaks all symmetries. We compare our results with those of of the ideal quantum ring in
monolayer and bilayer graphene.
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1 Introduction
Graphene being one atom thick layer of carbon atoms ordered into a honeycomb lattice, has attracted
a lot of theoretical and experimental research [1–4]. This is due to its unconventional electronic prop-
erties and promising applications to nanoelectronics. In fact, many intriguing transport phenomena,
such as anomalous quantum Hall effect [5, 6] and Klein tunneling [7] have been reported. In addition
graphene has an unique band structure, which is gapless and exhibits a linear dispersion relation at
two inequivalent points K and K ′ in the Brillouin zone. This makes charge transport in graphene
substantially different from that of conventional two-dimensional electronic systems. The equation
describing the electronic excitations in graphene is formally similar to the Dirac equation for massless
fermions, which travel at a speed of the order of vF ≈ 106 m/s [8, 9].
Few layers of graphene can be stacked above each other to form what is called stacked graphene
systems. There exist important stacking configurations, that differently depending on the horizontal
shift of graphene planes. Every sequence of stacking behaves like a new material, which leads to
different electronic properties [10–12]. For example, for three coupled graphene sheets, it is known as
trilayer graphene. Each honeycomb contains three cells where each cell consists of two carbon atoms
named A and B. Interestingly, it can be formed in two major stacking types: ABA (Bernal) and
ABC (rhombohedral) stacking [13, 14]. Recently, trilayer graphene has attracted much interest and
have been proposed as promising candidates for the future nanoelectronics. This is due to the fact
that its electronic structure is different from the bands found in more studied monolayer and bilayer
graphene. Trilayer graphene in the Bernal stacking (ABA) is a common hexagonal structure which
has been found in graphite. In trilayer graphene there are three coupled layers in the bottom, middle
and top [15]. The A2 atom from middle layer is directly above B1 atom from bottom layer and
below B3 atom from top layer. The energy bands of trilayer graphene are constituted of two separate
types [16–21]: two linear bands who looks like the bands in monolayer graphene and four parabolic
bands similar to those in bilayer graphene.
It has been shown that graphene can be cut in many different shapes and sizes giving rise a very
important class of quantum devices. This open the door to the fabrication of graphene nanodevices
through the experimental obtaining of graphene quantum rings [22], quantum dots [23, 24] and also
antidot arrays [25]. This mean that the electronic properties of graphene are induced by its size and
shape. In addition, the confinement has an effect on the electronic structure of graphene quantum
dots. In fact, some theoretical studies were reported this effect on the energy levels of graphene
quantum dots with different geometries, sizes and types of edge [26, 27]. Moreover, the electronic
structure of graphene quantum rings [28, 29] and of graphene antidot lattices [30, 31] have also been
investigated. The graphene-based quantum rings have been obtained experimentally by lithographic
techniques [32]. Recently, these systems have been studied theoretically in monolayer graphene [28],
AB-stacked bilayer [33] and also in AA-stacked bilayer graphene [34].
In this paper we consider a quantum ring in ABA-stacked trilayer graphene in the presence of
an external magnetic field and a potential. By freezing out the carrier radial motion (ideal quantum
ring) for zero and non zero magnetic field, we determine the solutions of the energy spectrum as six
band solutions. Indeed, these bands are composed of the energy levels of a bilayer [33] and those of
a single layer graphene. We show that our energy spectrum exhibits different symmetries related to
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the magnetic field and other parameters. We numerically study our results to underline the behavior
of the present as well as compare them with those for circular ideal ring in monolayer graphene and
bilayer graphene.
The present paper is organized as follows. In section 2, we fix our problem by setting the Hamil-
tonian describing a quantum ring in ABA-stacked trilayer graphene in the presence of an external
magnetic field and a potential. Subsequently, we use the eigenvalue equation to obtain the six band
solutions in terms the magnetic field, radius of ring and the interlayer coupling parameter. In section
3, we give different numerical results related to the energy spectrum where the symmetries will be
fixed under some transformations related to magnetic field and a quantum number. We conclude our
results and discussions in the final section.
2 Problem setting
We consider a quantum ring in ABA-stacked trilayer graphene subjected to a magnetic field and
a potential. This system consists of three coupled layers, each with carbon atoms arranged in a
honeycomb lattice, including pairs of inequivalent sites A1, B1, A2, B2 and A3, B3 in the top, middle,
and bottom layers, respectively. The layers are arranged as shown in Figure 1, such that pairs of sites
B1 and A2, and A2 and B3, lie directly above or below each other. The parameter γ1 = 0.4 eV [35]
describes strong nearest-layer coupling between sites (A2-B1 and A2-B3) that lie directly above or
below each other.
Figure 1: Crystallographic structures showing the relative position of sublattices Ai and Bi (i = 1, 2, 3)
for ABA-stacked trilayer graphene with intra-layer γ1 hopping amplitudes.
In a basis with components of Ψ = (ΨA1,ΨB1,ΨA2,ΨB2,ΨA3,ΨB3)
T , the Hamiltonian of our
system can be written as
HABA =


u1 π
† 0 0 0 0
π u1 γ1 0 0 0
0 γ1 u2 π
† 0 γ1
0 0 π u2 0 0
0 0 0 0 u3 π
†
0 0 γ1 0 π u3


(1)
2
where ΨAi (ΨBi) are the envelope functions associated with the probability amplitudes of the wave
functions on the sublattice A (B) of the ith layer (i = 1, 2, 3), ui (i = 1, 2, 3) is the potential in each
layer, vF = 10
6 m/s is the Fermi velocity. π and π† are the momentum operators in polar coordinates
π = vF e
iθ
[
−i~
(
∂
∂r
+
i∂
r∂θ
)
+ i
eB0r
2
]
(2)
π† = vF e
−iθ
[
−i~
(
∂
∂r
− i∂
r∂θ
)
− ieB0r
2
]
(3)
in which the symmetric gauge is used to fix the vector potential A = B0r2 .
In the next we will present analytical expression of the eigenstates and energy levels of ideal quan-
tum ring with radius R created with ABA-stacked trilayer graphene. For this system, the momentum
of the charge carriers in the radial direction is zero. By freezing out the carrier radial motion, the
four-component wave function becomes
Ψ(r, θ) =


ΦA1(r)e
i(m−1)θ
iΦB1(r)e
imθ
iΦA2(r)e
imθ
ΦB2e
i(m+1)θ
ΦA3(r)e
i(m−1)θ
iΦB3(r)e
imθ


(4)
where m ∈ Z is eigenvalues of the angular momentum label. Now solving the Dirac equation
HΨ(R, θ) = EΨ(R, θ) to obtain the following system of coupled differential equations
(u1 − ǫ)ΦA1(R) + (m+ β)ΦB1(R) = 0 (5)
(m− 1 + β)ΦA1(R) + (u1 − ǫ)ΦB1(R) + γΦA2(R) = 0 (6)
γΦB1(R) + (u2 − ǫ)ΦA2(R)− (m+ 1 + β)ΦB2(R) + γΦB3(R) = 0 (7)
(m+ β)ΦA2(R)− (u2 − ǫ)ΦB2(R) = 0 (8)
(u3 − ǫ)ΦA3(R) + (m+ β)ΦB3(R) = 0 (9)
γΦA2(R) + (m− 1 + β)ΦA3(R) + (u3 − ǫ)ΦB3(R) = 0 (10)
where we have set the dimensionless quantities E0 =
~vF
R
, γ = γ1
E0
, ǫ = E
E0
, β =
(
eB0
2~
)
R2 and Ui =
ui
E0
(i = 1, 2, 3). After some straightforward algebra and fixing the potential as ui = u, we derive the six
energy band solutions
Ss1 = s
√
(m+ β)(m+ β + 1) (11)
(Ss2)
2 = (m+ β)2 + (γ′)2/2 + s
√
(m+ β)2(1 + (γ′)2) + (γ′)4/4 (12)
where S = ǫ−U , s = ±1, γ′ = √2γ. We notice that (11) corresponds to energy levels of a single layer
graphene, whereas (12) coincides (apart from a numerical factor
√
2 in front of γ) with energy levels of
a bilayer graphene [33]. This is expected since the low energy band structure of ABA-staked trilayer
graphene for zero magnetic field consists of two single layer graphene-like bands and four AB-staked
bilayer graphene-like bands [36,37]. From (11), we see that the energy spectrum for an ideal quantum
ring, is real when m < −β − 1 or m > −β and imaginary otherwise. However for (12), the four
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solutions for the energy are real only when |m + β| ≥ 1. In the opposite case of |m + β| < 1 (or
equivalently −1 + β < m < 1 − β) we have S−2 < 0 and consequently the corresponding energies are
imaginary. To solve this problem we propose the limit of γ ≫ m+ β, we obtain
(S−2 )
2 =
1
(γ′)2
(m+ β)2((m+ β)2 − 1) (13)
and thus the energy solutions are given by
(S−2 ) ≃ ±
1
γ′
√
(m+ β)2((m+ β)2 − 1). (14)
From (11) and (12) we end up with the six band solutions
Es1 =
~vF
R
[
U + s
√
(m+ β)(m+ β + 1)
]
(15)
E+2 =
~vF
R
[
U ±
√
(m+ β)2 + (γ′)2/2 +
√
(m+ β)2(1 + (γ′)2) + (γ′)4/4
]
(16)
E−2 =
~vF
R
[
U ± 1
γ′
√
(m+ β)2((m+ β)2 − 1)
]
. (17)
These will numerically be analyzed based on different consideration of the involved parameters, which
concern the external magnetic field and the eigenvalues of the angular momentum.
3 Results and discussions
In Figure 2, we plot the energy levels of an ideal quantum ring in ABA-stacked trilayer graphene as
a function of the ring radius R with B = 0 T ((a) u = 0 meV, (c) u = 100 meV) and B = 5 T ((b)
u = 0 meV, (d) u = 100 meV). The green and red curves correspond, respectively, to −6 ≤ m ≤ −1
and 1 ≤ m ≤ 6 while the black one correspond to m = 0. For zero magnetic field (Figure 2(a) and
(c)), we can see that the energy spectrum shows two sets of levels. One similar to the monolayer and
the other corresponding to the AB-stacked bilayer graphene [33].
For a deep understanding of our results, we distinguish two cases. The first is zero magnetic field
where the the energy branches take the following form
Es1 = u+ s
~vF
R
√
m(m+ 1) (18)
which have a 1/R dependence, however for large R, the set of levels converge to the potential u. Note
that for m = 0 and m = −1, the energy Es1 = u is independent of R. The second is nonzero magnetic
field where the right panel (Figure 2(b) and (d)) shows that the branches have an approximately linear
dependence on the ring radius for large R. This is
Es1 = u+ s
vF eB
2
R. (19)
However, for small R, all branches diverge as 1/R except for two values m = 0 and m = −1, which
give the result
Es1 = u+ s
~
R
√
m(m+ 1) (20)
and in addition, for zero magnetic field and for large radius the energy branches approach as E −→
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Figure 2: Energy levels of a trilayer graphene quantum ring as function of ring radius R with B = 0 T
((a): u = 0 meV and (c): u = 100 meV) and B = 5 T ((b): u = 0 meV and (d): u = 100 meV). The
total angular quantum number −6 ≤ m ≤ −1 (green), 1 ≤ m ≤ 6 (red) and m = 0 (black).
±√2γ. We notice that from (12) and for zero magnetic field, we have the energy branches
E+2 = u±
√√√√(~vF )2
R2
m2 + γ21 +
√
γ41 +
(
m2
(~vF )4
R4
+ 2γ21
(~vF )2
R2
)
(21)
E−2 = u±
(~vF )
2
√
2γ1R2
√
m2(m2 + 1). (22)
From these results, one can deduce different conclusions. Indeed, Firstly, we can clearly show that, for
zero magnetic field, the second set of energy levels depends on 1/R2. Secondly, in the limit R −→∞,
we have E−2 −→ u and E+2 −→ u +
√
2γ1. Thirdly when R −→ 0, the behavior of the spectrum is
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different and the corresponding energy levels diverge. In addition, we note that the applied potential
has different effect on the system behavior compared to that in the case of AB-stacked bilayer quantum
ring [33]. Indeed, in our system when u = 100 meV all sets are shifted up by u, however in the case of
ideal quantum rings in AB-stacked bilayer the application of the potential open a gap in the energy
spectrum.
Now we return back to investigate the basic features of (16) and (17). Indeed, in the case of non
zero magnetic field and for small ring radius R, both equations reduce
E+2 = u±
~vF
R
√
m2+ | m | (23)
E−2 = u±
(~vF )
2
√
2γ1R2
√
m2(m2 + 1) (24)
depending on 1/R and 1/R2, respectively. However for large radius R, (16) and (17) give the results
E+2 = u±
(vF eB/2)
2
√
2γ1
R2 (25)
E−2 = u±
eBv2F
2
R. (26)
which explain the approximately R2 dependence of the energy branches on the radius of the ring and
also the approximately linear dependence of the energy branches on the ring radius. It is important
to note that, for zero magnetic field, all branches are twofold degenerate. However, the application of
a nonzero magnetic field breaks the degeneracy of all branches.
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Figure 3: Energy levels of a trilayer graphene quantum ring as as function of total angular momentum
label m for B = −5 T (geen), B = 0 T (reed) and B = 5 T (blue) and R = 50 nm. (a): u = 0 meV, (b):
u = 100 meV.
In Figure 3, we plot the energy levels of an ideal quantum ring of ABA-stacked trilayer graphene
as a function of the angular momentum m for three different values of the magnetic field (B = −5
6
T) (green), B = 0 T (red) and B = 5 T (blue) for R = 50 nm with u = 0 meV (Figure 3(a)) and
u = 100 meV (Figure 3(b)). The energy spectrum represents two bands dispersed with an energy
(11), which is quite similar to that of an single layer (linear dispersion), and four bands of type bilayer
graphene (parabolic dispersion) (14) and (15). We notice that, like the case of monolayer [33] and
AB-stacked bilayer graphene [38], the electron energy present a minimum for a particular value of
the angular momentum m. The energy minimum for B = −5 T is given by m = 10. However, the
energy minimum for B = 0 T and B = 5 T, are respectively, given by m = 0 and m = 10. This
can be explained by the fact that from (15)-(17), the spectra are invariant under the transformation
B −→ −B, m −→ −m and m −→ −(m+1). Therefore, the energies satisfy the following symmetries
with respect to the above transformations
Es1(m,B) = E
s
1(−m− 1,−B) (27)
E+2 (m,B) = E
+
2 (−m,−B) (28)
E−2 (m,B) = E
−
2 (−m,−B). (29)
These symmetries are also present in the case of ideal quantum ring in monolayer and bilayer graphene
systems [33].
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Figure 4: Electron and hole energy states of a trilayer graphene quantum ring as as function of external
magnetic field B for R = 50 nm. −6 ≤ m ≤ −1 (green curves), 1 ≤ m ≤ 6 (red curves) and m = 0 (blue
curves).
The energy levels of the electrons and holes for an ideal quantum ring in a ABA-stacked trilayer
graphene as function of the external magnetic field are shown in Figure 4 for R = 50 nm, with (a):
u = 0 meV, (b): u = 100 meV. The energy levels are show for the quantum number −6 ≤ m ≤ −1
(green), 1 ≤ m ≤ 6 (red) and m = 0 (blue). We can clearly show, for u = 0 meV (Figure 4(a)), that
the energy spectrum presents two sets of energy levels, one is similar to the energy levels of AB-stacked
bilayer graphene quantum ring that are parabolically disperses with B, and the second one correspond
to the monolayer graphene quantum ring that are dispersing linearly with B. Note that when u 6= 0,
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the energy levels are shifted vertically by u (Figure 4(b)). This results are not similar to that obtained
for AA-stacked [34] and AB-stacked [33] bilayer graphene quantum ring, where the application of a
potential 6= 0 open a gap in the energy spectrum. From Figure 4(b), we can show that there is an
asymmetry between the electron and hole states caused by the application of the potential. Also,
these results show that the electron and hole energies are related by
Es1(e)(m,B) = −Es1(h)(−m− 1,−B) (30)
E+2(e)(m,B) = −E+2(h)(−m,−B) (31)
E−2(e)(m,B) = −E−2(h)(−m,−B) (32)
where the indices h(e) refer to holes (electrons). These results are similar to that obtained for a finite
width quantum ring in monolayer graphene and AB-stacked bilayer graphene [33].
4 Conclusion
In summary, we have investigated the behavior of charge carriers in ideal quantum rings of ABA-
stacked subjected to a perpendicular magnetic field. The calculation was performed by solving the
Dirac equation for a zero width ring geometry (ideal ring). In the case of an ideal ring with radius R,
the momentum of the carriers in the radial direction is zero, then we have to treat the radial parts of
the spinors as a constant. Our approach lead to analytical expressions of the energy spectrum as a
function of the ring radius and the magnetic field.
Our results show that the energy spectrum of an ideal quantum ring presents two sets of states as
a function of the ring radius R. One corresponding to the monolayer graphene and the other corre-
sponding to the AB-stacked bilayer graphene quantum ring. We have shown that, for large R, the set
of energy levels that correspond to the monolayer graphene converge to
√
2γ. The energy branches
corresponding to the monolayer graphene have a 1/R dependence, whereas the energy branches cor-
responding to the bilayer graphene have a dependence 1/R2. This implied that the energy spectrum
converge to u and u+
√
2γ for a very large radius and diverges when the radius tends to zero. In the
absence of the magnetic field, the energy levels are twofold degenerate. The application of nonzero
magnetic field broken all the degeneracy of all branches and the obtained spectrum exhibited different
symmetries. In addition, our numerical results showed that the electron and hole energy levels are not
invariant under the transformation B −→ −B, m −→ −m and m −→ −(m + 1). The application of
a potential lead to a vertically shifting of the energy spectrum. These results are not similar to those
obtained for AA-stacked and AB-stacked bilayer quantum ring, where the application of a potential
open a gap in the energy spectrum.
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